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Part 2 
Localized bases 

Localized bases for “scale-independent”  
radial kernels 



Part 2 
Review: RBF interpolation 

Key idea: linear combination of translates 
and rotations of a single radial kernel: 

Linear system for determining the interpolation coefficients 



Part 2 
Localized bases 
●  “Scale independent” kernels. 

Issues:  
•  For large N, interpolation 

matrices are dense. 
 
•  Matrices are not nice for 

iterative methods. 

Ex: 



Part 2 
Lagrange functions on the sphere 

Standard  
RBF 
interpolant: 

Lagrange 
form: 



Part 2 
Lagrange functions on the sphere 

Lagrange 
form: 

Results on the Lagrange functions for quasi-uniform X: 
(Hangelbroek, Narcowich, Sun, Ward) 

Standard  
RBF 
interpolant: 
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Local Lagrange functions on the sphere 

n=70 
N=1024 



Part 2 
Local Lagrange functions on the sphere 

Estimates:  (FHNWW, 2013) 



Part 2 
Interpolation matrices 
•  Example: N=1024, n=70 

Standard basis: Approximate Lagrange basis: 

Interpolation matrix Interpolation matrix 



Part 2 Solving “preconditioned” systems 

•  Numerical experiment: 
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•  Numerical experiment: 



Part 2 Solving “preconditioned” systems 

•  Numerical experiment: 



Part 2 
Concluding remarks on local Lagrange basis 



Part 2 
Quadrature 

Using RBF interpolation for developing 
quadrature formulas on the sphere 
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Part 2 
Quadrature on the sphere 

(FHNWW-2, 2013) 



Part 2 
Quadrature on the sphere 

(FHNWW2014) 



Part 2 
Quadrature on the sphere 
• Problem: Given X = {x}Nj=1 ⇢ S2, find weights {wj}Nj=1 such that

Z

S2
f(x)dµ(x) ⇡

NX

j=1

wjf(xj) =: Q(f), f 2 C(S2)

• One solution: Find the weights from the kernel interpolant of f
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X
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• Note that this idea can be extended to CPD kernels as well (See problem 7):

sX(x) =
NX

j=1

cj�`(kx� xjk) +
`2X

k=1

bkpk(x), �`(r) = r2(`�1) log(r)

• How ELSE can this be made computationally tractable for large N
Local Lagrange basis!



Part 2 
Example of quadrature weights 

N=23042, icosahedral nodes 

N=22501, Fibonacci nodes N=22500, Quasi-min. energy 

Borodachov, Hardin, Saff (2014) 



Part 2 
Numerical example 

Smooth target function 
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Numerical example 
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Remarks on RBF-based quadrature 



Part 2 
RBF-PUM 

Combining RBFs and the Partition-of-Unity 
method for interpolation (RBF-PUM) 



Part 2 
RBFs and partition-of-unity on the sphere 

Key references: 
•  I. Babuška & J.M. Melenk. The partition of unity method. IJNME (1998). 

•  R. Cavoretto & A. DeRossi, Fast and accurate interpolation of large 
scattered data sets on the sphere. J. Comput. Appl. Math. (2010) 
o  First application of PUM to RBF interpolation on the sphere 
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Key Steps: 
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M total patches 
n nodes per patch 
ξk = center of patch Ωk 
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Part 2 
RBFs and partition-of-unity on the sphere 

M total patches 
n nodes per patch 
ξk = center of patches Ωk 

Key Steps: 
Weight function details: 

(Shepard weight function) 



Part 2 
RBFs and partition-of-unity on the sphere 

M total patches 
n nodes per patch 
ξk = center of patches Ωk 

Key Steps: 



Part 2 
Example for choosing the nodes and patches 

Nodes: We use the maximal determinant (MD) node sets, which are 
quasi-uniformly distributed over the sphere. 

Patches: We use minimum energy (ME) points, which are also quasi-
uniformly distributed over the sphere. 

Parameters: Given N nodes, there are 2 parameters to choose for 
determining the total number of patches M: 

o  n = approx. number of nodes in each patch; 
o  q = measure of the amount the patches overlap. 

R.S. Womersley, I. Sloan (2001)	
  

D.P. Hardin, E.B. Saff (2004)	
  

Nodes Patch 
centers 



Part 2 
Choosing the nodes and patches 

•  Using the quasi-uniformity of the nodes and patches, we compute 
the radii of the patches using the approximation: 

•  The overlap parameter q determines the average number of 
patches a node belongs to, and satisfies the relationship: 



Part 2 
Choosing the nodes and patches 

•  Illustration of the patches for N=4096, n=100, and different q: 
q=2 q=3 q=4 

M=82 M=123 M=184 



Part 2 
Comparison to global RBF method 

N=total nodes 

Collocation Global RBF RBF-PUM* 
Construction: O(N3)  O(n3M)  + O(N log N)= 

O(n2q N) + O(N log N) 
 

Evaluation at K nodes: O(KN) O(q n K) 
 

Computational cost 

N=total nodes 

Global RBFs RBF-PUM 

M=total patches 
n=nodes per patch 
q=avg. # patches  
    a node belongs to 



Part 2 
Comparison to global RBF method 

Accuracy Comparison: 

N=total nodes N=total nodes 

Global RBFs RBF-PUM 

M=total patches 
n=nodes per patch 
q=avg. # patches  
    a node belongs to 
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Remarks on RBF-PUM 



Part 2 
RBFs for PDEs 

Computing derivatives and solving PDEs with RBFs 



Part 2 
(Surface) Div, Grad, Curl, and all that 

Here: 



Part 2 
Ex: Transport equation on the sphere 

•  Transport equation for a scalar valued 
quantity h on the surface of the unit sphere 
in an incompressible velocity field uc. 

•  The governing PDE can be written in 
Cartesian coordinates as: 

P projects arbitrary three-dimensional vectors onto a plane tangent to the 
unit sphere at x. 

•  Surface gradient operator: 

No coordinate singularities! 



Part 2 
Ex: shallow water equations on a rotating sphere 
●  Model for the nonlinear dynamics of a shallow, hydrostatic, homogeneous, 

and inviscid fluid layer. 

●  Idealized test-bed for horizontal dynamics of all 3-D global climate models. 



Part 2 
Ex: Diffusion equation on the sphere 

•  Diffusion of a scalar valued quantity u on 
the surface of the unit sphere 

•  The governing PDE can be written in 
Cartesian coordinates as: 

No coordinate singularities! 



Part 2 
Approximating the surface gradient 

P projects arbitrary three-dimensional vectors onto a plane tangent to the 
unit sphere at x. 

•   Goal:  Construct good numerical approximations to 

•  We will illustrate how to approximate the surface gradient operator 
using RBFs: 

1)  Global RBF method 
2)  Local RBF method: RBF-generated finite differences 

•  See problems 4-6 for more details on the global method. 
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Surface gradient approximation: Global RBF method 
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Surface gradient approximation: Global RBF method 



Part 2 
Global RBF collocation for transport equation 



Part 2 
Numerical results: solid body rotation 

•  Solid body rotation of a non-smooth cosine bell  
    (Williamson et. al. JCP (1992)) 

Stream Function for flow 

Initial condition (non-smooth: jump in second derivative) 

Flow direction Initial condition 

Details: 
•  Gaussian RBF 
•  Δt = 30 minutes 
•  No stabilization 

required. 
•  Minimum energy 

node sets used. 



Part 2 
Numerical results: solid body rotation 
•  Convergence results as number of nodes N increases (Flyer & W, 2007) 
•  Error results are for one complete revolution of the cosine bell. 
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Numerical results: solid body rotation 
•  Comparison to other high order methods (Flyer & W, 2007) 

RBF=radial basis functions, SH=spherical harmonics, DF=double Fourier, 
DG=discontinuous Galerkin spectral elements 

Comments: 
•  For RBF and DF N = the number of grid points. 
•  For SH  M = total number of spherical harmonics: (85+1)2 = 7396. 
•  For DG Ne = total number of nodes per element, and k=number of elements. 
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Part 2 

RBF=radial basis functions, SH=spherical harmonics, DF=double Fourier, 
DG=discontinuous Galerkin spectral elements 

Numerical results: solid body rotation 
•  Comparison to other high order methods (Flyer & W, 2007) 

•  Need ways to reduce this cost. 

•  Next method we discuss is focused on this. 



Part 2 
RBF generated finite differences (RBF-FD) 

•  Generalization of finite-difference (FD) method to scattered 
nodes using RBFs to compute the FD weights. 

•  References: 
o  W & Fornberg (2006) 
o  Fornberg & Lehto (2011) 
o  Flyer, Lehto, Blaise, W & St-Cyr (2012) 
o  Bollig, Flyer & Erlebacher (2012) 



Part 2 
RBF generated finite differences 

Key Steps: 



Part 2 
RBF generated finite differences 

Key Steps: 



Part 2 
RBF generated finite differences 

Key Steps: 



Part 2 
RBF generated finite differences 

•  Example differentiation matrix (DM) for N=16384, n=101: 

•  Compare to the global RBF method, which results in a dense 
differentiation matrix. 



Part 2 
RBF-FD method for transport equation 



Part 2 
Numerical results: solid body rotation 

•  Solid body rotation of a non-smooth cosine bell  
    (Williamson et. al. JCP (1992)) 

Stream Function for flow 

Initial condition (non-smooth: jump in second derivative) 

Flow direction Initial condition 

Details: 
•  Gaussian RBF 
•  Stabilization 

required. 
•  Minimum energy 

node sets used. 



Part 2 
Numerical results: solid body rotation 
•  Convergence results as number of nodes N increases (Fornberg & Lehto, 2011) 
•  Error results are for 10 complete revolution of the cosine bell. 

•  Errors compare favorably with the global RBF method. 
•  RBF-FD method much more computationally efficient than global method. 

Global RBF Method 
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RBF-FD for shallow water wave eqs. 

•  Numerical simulation: Flow over an isolated mountain 
   (Test Case 5 from Williamson et. al., JCP (1992)) 
•   See Flyer et. al., JCP (2012) 



Part 2 
Remarks regarding solving PDEs 
●  The Global RBF collocation method is competitive in terms of accuracy per 

degree of freedom. 

●  It are not competitive in terms of computational complexity. 

●  The RBF generated finite difference (RBF-FD) method shows great promise 
in terms of accuracy and computational cost. 
●  Comparisons with other state-of-the art methods have been done (Flyer et. al. 

2012) and show the RBF-FD is competitive in terms of accuracy and 
computational complexity. 

●  Parallelization on multi-GPU has already been implemented (Bollig, Flyer, & 
Erlebacher, 2012). 

●  Research Ideas for RBF-FD method 
●  Extend method to advection-reaction-diffusion on the sphere. 
●  Extend method to non-uniform nodes (static/adaptive refinement) 
●  Extend method to more general surfaces 
●  Develop method for the hemisphere. 
●  Develop method for 3D spherical shell 
●  Incorporate into immersed boundary type setting for 2D or 3D problems. 
●  Couple surface PDEs to PDEs in the bulk medium. 


